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SYMBOLS 


A  ^  cro*s«*cction  area 

b  *  unit  vector  tanfent  to  a  circular  parallel 
B  noraial  force  coefficient 
Cg  =  local  normal  force  coefficient  * 

^  ip  P»)/9o  “  preaaure  coefficient 
Cg  *  axial  force  coefficient  =  X/q^Tlr* 

Cj  B  local  axial  force  coefficient  =  dC^/d{%/d^) 
d  B  diameter 
'fc  *  length 

4<p  B  free  atream  Mach  nuaiher 
A  =  rate  of  maas  flow 

ti  B  normal  force —  that  ia,  force  normal  to  longitudinal  axia  of  body 
n  B  unit  vector  normal  tc  aurface,  poaitivc  inward 
p  B  atatic  preaaure 
9  B  ^  pV’  B  dynamic  preaaure 

R  *  radiua  of  normal  curvature  of  a  atrcamlinc 

r  *  radiua 

•S  B  surface  area 

^  B  unit  vector  tangent  to  a  meridian 
y  *  velocity 

Ve  B  free  atream  velocity  vector 

B  velocity  of  flow  over  the  aurfacc  of  the  body 

X  -  axial  force —  that  is,  force  in  direction  of  longitudinal  axia  of 
body 

X  B  distance  along  longitudinal  axia  of  body 
d  B  sngle  of  attack 


% 


P  ~  angular  position  of  a  point  on  the  surface  of  the  body 
=  upper  limit  of  integration  around  a  circular  parallel 
Y  =  angle  between  body  streamline  and  a  meridian 
-  thickness  of  body  layer 
T\  =  angle  between  and  n 

6  =  angle  between  t  and  the  longitudinal  axis  of  the  body 
6^  =  semi-vertex  angle  of  cone 
p  =  mass  density 
Pj  =  density  in  body  layer 

SLtSCBlPTS 

(  )^  —  based  on  maximum  body  dimensions 

(  )^  =  centrifugal  force  values 
i  )c  “  converging  or  boattail  section 

(  )^  =  nose  or  diverging  section 
(  )^  =  refers  to  expansion  flow 
(  )^  =  impact  values 

(  )g  ~  straight  or  cylindrical  section 
(  )q  =  based  on  free  stream  conditions 
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Th«  inport&nco  of  body  lift  lies  in  the  fact  that  rt  icoderete 
angles  of  attack  and  high  Mach  nmber  it  can  constitute  an  appreciable 
part  of  the  total  lift  of  a  vinged  aiaslle.  In  this  paper  an  atteaipt 
has  been  aade  to  analyze  body  lift  in  hypersonic  flow  by  an  apprcndjuate 
method  and,  together  with  a  correlation  of  existing  experlaental  data, 
to  irkllcate  the  probable  Tariatlon  of  body  lift  over  a  wide  range  of 
Mach  number  extending  from  low  aupereonlc  to  ’nypersonic.  The  method 
of  analysia  of  hypersonic  flow  over  inclined  bodies  of  revolution 
employed  herein  has  been  denoted  ae  the  hypersonic  '\?n~ 

It  is  an  improvement  on  the  Newtonian  corpuscular  theory  of  aero¬ 
dynamics  since  it  considers  the  centrifugal  forces  resxilting  from 
the  curved  paths  of  the  air  particles  in  addition  to  ths  impact 
(Newtonian)  forces. 


♦Physical  Scientist;  now  with  the  Department  of  Defense,  Washington, 
as  Scientific  Warfare  Advisor, 

'  Aerodynjuoics  Engineer 

‘  Research  Engineer 
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I.  IMTRODaCnCN 

In  th«  fi«ld  of  guided  aiisfciletf  invettigatloae  of  posfible  perfomance 
will  liMTitabljr  lead  to  the  ooasideration  of  flight  at  higher  and  higheir  Mach 
snhere*  Altheoch  ^or  eoMt  aiasilee  the  Mach  nueber  /.j  „  -  5  night  be  considered 
as  the  xtpper  end  of  the  epeed  raz^,  for  nissiLles  of  a  different  categorj  the 
high  epeed  range  of  flight  can  conceivably  exivend  to  =  20  or  25.  As  far 
ae  wiag  aero^)nMados  ie  conoeraed,  for  eupereonic  speeds  up  to  o  ”  5  the  vixvg 
lift  nay  be  obtained  with  satisfactory  accuracy  by  neana  of  the  lineariced 
supersonic  wing  theories,  and  at  higher  Mach  msibers  satisfactory  results 
are  obtained  on  the  basis  of  two-dljsensional  gas  dynaaic;..  However,  this 
is  not  at  all  the  case  for  strictly  three-dinensional  flow  such  as  that 
over  a  yawed  body  revolution.  In  the  usual  application  of  linearised  theories 
In  two-  and  three*dlnen8ional  flow,  wherein  the  highei  order  tense  are  neg¬ 
lected  throu^Mut  for  the  sake  of  ooneistency,  good  solutiona  can  be  obtained 
for  supersonic  wings  but  not  for  body  lift.  Purthenoore,  these  linearised 
solutions  art  subject  to  Mach  nwber  llMitations.  On  the  other  hand,  reliable 
theoretical  lift  results  exist  for  cones  at  the  present  tixae.^^^*  This 
yawed  cone  theory  gives  the  exact  initial  oonial  force  slope  which  Is  prac¬ 
tically  independent  of  Mach  znsiber  and  in  excellent  agree».mt  with  the  hyper- 
eonio  approxination  of  the  present  paper  as  shown  by  Fig.  1;  agressssnt  with 
scae  experljMmtal  data  is  shown  in  Pig.  2.  Less  is  known  about  the  lift  of 
an  ogive,  however,  and  still  less  about  the  lift  of  a  cylinder  following 
either  a  cone  or  ogive. 

In  view  of  the  fact  that  at  the  higher  Mach  maabers  body  lift  can  con¬ 
stitute  an  appreciable  part  of  the  total  lift  of  a  winged  aissile,  an  attsapt 
has  been  made  to  analyse  body  lift  in  hypersonic  flow  by  an  approxlBate  method 
and,  together  with  an  analysis  of  existing  experimental  data,  to  indicate  the 

probable  vai*iatlon  of  body  lift  over  a  wide  range  of  Mach  number  extending  fro* 
low  supersorJ.c  to  hypersonic.  First,  the  Newtonian  analysis  is  presented  for 


an  arbitrary  inolintd  body  of  ra’^lution.  The  reenltlng  forces  on  a  oam  and 
cylinder  are  then  gXrta,  Ce:?t.i<4  force  effects  redaoe  the  cylinder  iionul 
force  restilting  frcn  the  Newtonian  analysis  by  approxlautely  ten  percent. 
Correspending  effects  for  slender  cones  and  cgiTes  are  less  for  tbs  aiagle  of 
attack  range  of  general  interest  so  for  practical  pnrj^es  the  Nevtonlen 

analysis  needs  modification  for  predicting  the  lift  on  the  noee  of  a  bo^  of 
rerolntion  at  Tsr?  h5.gh  Mach  nobers.  A  qualitative  diecuesion  of  the  pressures 
on  cone  and  cylinder  creae  situated  in  regions  of  expansion  flow  at  lyperesmio 
speeds  Is  then  presented.  It  eerres  as  a  guide  for  extending  the  reeelts  of  the 
following  oorrelation  of  experlaental  lift  data  through  the  ii^ypertonio  region  to 
the  hjpereonie  approxlnation  valuee.  A  sore  detailed  diecuesion  and  analysis  of 
osntrifugal  force  effeots  are  given  in  the  Appendix. 
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n.  TOE  mrroNiAN  (impact)  AsioDTNmc  forces 

ON  A  TAMED  BCOT  OP  RSVOUniON 

In  tIcv  of  th«  gonoral  l«.ck  of  cxaot  gas  dt|n«do  roeults  for  thrM-<liJMn- 

•ieisAl  flov  it  la  important  to  raalita  that  ralnabla  raanlta  ooncaming  tba  lift 

a  pointad  of  rtrolntlon  can  b«  obtaixiod  frcn  tha  ralatlTaly  siopla  thaoiy 

of  Mavtonian  Mixk^mandoa.  At  high  attparaonio  Kaeh  noabara,  partioularlj  ^fhan  tha 

fingla  of  attack  ia  ippraoiabla,  tha  gaa  paraaaura  foroaa  on  a  bo^  may  ba  appraoc- 

(3-5) 

imatad  In  a  aiapla  mannar  on  tha  baala  of  tha  ooooapt  of  Navtonian  flow.  ' 

1m  )ff«wtOBiia&  flew  it  ia  aaaaaad  that  tha  gaa  straam  maintaina  its  apaad  and 
dirtttilan  taehamgad  tmtil  it  atrikaa  tha  aolid  aurfaoa  axposad  to  tha  flxnt, 
wliaraiqjae  it  loaon  tha  oamponant  of  aaaanttDB  normal  to  tha  anrfaoa  and  mota^ 
along  tha  amrfaoa  with  tha  tangantial  oemponant  of  moBanttmi  tmohangad.  Thoa, 
im  tfaia  ocnoapt  tha  ahook  wawa  ia  aaaoMd  to  lia  on,  or  follow,  tha  anrfaoa  of 
tha  body*  Tha  Ifawtonian  approximation  doaa  not  apaoify  tha  praaeura  on  aurfaoaa 
whieh  do  not  <*aaa"  tha  flov,  that  ia,  amrfaooa  on  whioh  gaa  dyumdoa  would  pradiet 
axpamaion  flew.  For  a  flat  plata  Inelinad  at  an  an/ila  a  to  tha  flow,  tha  Naw- 
tonian  prasaora  coaffioiant  on  tha  lower  aarfaoa  ia 

C  «  =2  sin  *  a,  (1) 

^  90 

whara  danotaa  fraa-atraaa  praaaura,  and^o  =  fraa-atrvam  dynanio 

praaaura* 

Tha  ooneapt  of  Nawtonian  flow  can  alao  ba  approaohad  from  tha  axaot  tvo^ 
dimanaional  gaa  dynamioml  acputiona  by  lotting  ^  •  Considaring  a  flat  plata 

inolinad  to  the  flow,  thora  will  ba  ahook  flow  orar  tha  loMr  anrfaoa  and  axpanaj^ 
flow  owar  tha  appar  aurfaoa.  Aa  tha  Kaoh  mabar  incraaaaa,  tha  ahook  wave  approaches 
eloear  axid  oloaar  to  tha  lower  ifurfaoa  (loading  to  inoraaaing  prasanras)  and  tha 
■Bocnt  of  expansion  inoreaaas  on  tha  upper  mrfaoa  (leading  to  decreasing  prasauxws). 
In  tha  limit  whan  a/,,  =  ®  both  the  praaeura  and  tha  praaaura  coefficiant  on  tha  upper 
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tweSM  b<«ct  MrOf  cod  ib«  pi^iMor*  oo«fflol«nt  on  tbt  Tjamr  imri§o% 

Gp  =  (y  +  1)  ain’a  =  (2) 

vlMire  Y  i«  thi»  ntio  of  tbo  vpociflo  bMta.  Siaoo  ib«  upper  oorfeo*  pweert  ooeffioifBt 

# 

ie  Mi«a  Ki*(2)  le  Alee  the  tcxproeeloQ  for  th*  ootmlI  f»ro«  oooffloloBt  .  It  is 
ia  Rsf«  k  ttmt  'f  •*!  ^  ,  «hioh  bring*  ^*(2)  into  ngrsMUPt  idth  tbs  Hsntfsilm  rsosltf 

Bq«(l)*  It  it  north  pointing  o«t  ths^  for  a  glrsn  Maoh  mn&^r  nd  angl*  of  ettaoh  tbs  If•s^- 
tsalan  tbscr7  glrss  osnsidsrably  bsttsr  rosolts  for  a  thrso-^jjaeimional  bodjr  than  for  a  tMO* 
dfnanalantl  bedf*  Thos,  ths  Nswtonlan  lyptrsoala  appanexlnatlon  for  a  polstod  bo^  of  rooal- 
ntion,  aeoh  as  a  oeos  for  sxjRpls,  1*  sarprlsingly  good  and  1*  meh  bsttor  than  for  a  t*iO-> 
dlaassicaal  flat  plats. 

i,  AiBmm  BODY  OF  Rmumos 

Ts  dorlr*  ths  Nawtanian  prsaaors  forooa  on  a  body  ef  rvaoltzilon  of  gaoaral  shaps, 
eaosidsr  tha  bodjr  shenn  in  Fig.  3  for  nhioh  ths  longitudinal  axis  of  iiysawtiy  is  tbs  pssitlos 
X  •aads*  Tbs  angla  of  attsak  a  is  tba  angla  ia  ths  x  z  -plans  batwsaa  tha  f  ras-strssn  roiosltor 
rsotsr  V  0  and  tba  poaltir*  *  -axis.  Tba  y  -axis  is  parpaodloular  to  tha  x  z  -plana,  fszvlng  a 
rii^-handad  STotao  of  ooordinatas.  Cossidar  a  diffarsntlal  alssMot  of  sorfaaa  arsa  dGat 
an  arbitrary  point  o  i  on  tha  sorfaoa  of  tha  bodf  and  lat  x'^‘  ^i'  daaaoto  a  Isoal  right  hsodad 
systOB  of  ooordinatas  at  tha  point  '  ,  moh  that  <  z'  ara  ptrallsi.  rsspsotirslj  to  i ,  >  ,  x  • 
Lat  '  ,  p  ba  tba  polar  ooonJnataa  in  tha  yz  -plana  of  tha  point  0’  an  tba  surfaoa  of  tha  body. 
Lat  n  ba  a  tmit  raotor  ivhloh  ia  norstal  to  tha  s«rf  aoa  aliawot  dS  and  pesltiTa  in  tba  lOMard 
diraotion.  Lat  t  ba  a  «d.t  raotor  which  ia  tangact  ta  tba  aliswt.  aS ,  fomlng  an  aaigla  G 
with  tba  poaitivax  -axis. 

Lot  D  dacerta  a  unit  raotar  ahiah  tsgsthar 

^tldthn  and  t  foras  a  right-handad  oosrdlnata  ByitSB,  suoh  that  b*  n  <t.  For  a  body  of  rs- 
atlstion,  vhioh  is  tha  only  oasa  to  ba  oonaidarad  bars,  t  io  tangant  ta  a  naridisn  and  thsra- 
fsra  lias  in  tha  plena  fonnad  by  tha  11im(  i  ‘nadi  i  ,  and  ii  ia  a  tangant  to  a  eiroular  parallal 
and  tbarafara  liaa  In  tha/  I'-plsxM.  Tha  angular  poaititp  s*:  ^bs  point  (  '  (and  tha  vsatsrn  ) 
is  girks  by  tha  angla  G  ,  whioh  is  aaasurad  paaitira  aoantarolsolndaa  from  tha  poaitlTt 
)  -axis.  Tba  angle  G  batvaant^  '  x'and  t  la  oonaidarad  p^tira  in  tha 
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MBM  Of  *  MMBUrtlOOkMlM  lOUtiOtt  tbOOt 

Tin  rtUilM  WtwMB  tin  n,  t,  fc  toordlnato  lonttn  awl  tho  * y '  ,  t 
(Flf«4)  0X0  ci^mi'bgr  tht  following  toblo  of  dlroetlon  ooolnoi* 
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Vq  ^  FREE-STREAM  VELOCITY  VECTOR 


TRANSVERSE  SECTION 
(VIEWED  FROM  STERN) 
r  =  RADIUS  VECTOR  IN  yz - 
PLANE  TO  A  POINT  ON 
THE  SURFACE 


n  =  UNIT  VECTOR  NORMAL  TO  A  SURFACE  ELEMENT 


t  --UNIT  VECTOR  TANGENT  TO  SURFACE  ELEMENT  AND 
LYING  IN  A  PLANE  CONTAINING  THE  x-AXIS 

dg^MAXIMUM  DIAMETER  OF  BODY 
=  TOTAL  LENGTH  OF  BODY 
^  =  LENGTH  OF  DIVERGING  PORTION  OF  BODY 
=  SEMI-VERTEX  ANGLE  AT  THE  NOSE 


BODY  OF  REVOLUTION  INCLINED  AT  AN  ANGLE  TO 

NEWTONIAN  FLOW 


FI6.3 


DIAGRAM  OF  DIRECTIONS  AND  COMPONENTS 
AT  A  LOCAL  ELEMENT  OF  SURFACE  AREA 

FIG.  4 


pQ7-a 


Th«  frM>ctrMM  Tvlocitj  rector  V,  in  thtx'i'  and  aalcM  an  ai^lta 

(angla  of  attack)  vlth  tha  positlva  s'  -axla.  Tho  angla  t]  batwaan  tba  aalocitj 
raetor  V,  and  tha  noiml  n  !•  giTan  hj 

coa  T)  3  coa  (V^fO)  *  coa  a  ain  0  ~  ain  a  coa  6  ain  (3) 

Tha  condition  for  Nawtonian  flow  ia  lapoaad  bgr  apaeifjrinf  that  tha  faa 
atraaa  upon  striking  tha  aurfaea  loaaa  all  of  ita  aowintuB  in  tha  diraatlon  naiaal 
to  tha  aurfaea.  Slnea  tha  compomnt  of  nonal  to  tha  aorfaoa  alaMat(i;S  i*  V,  ooa 
and  tha  rata  of  naas  flow  striking  tha  alaaant  la  eoar)<iS  ,  tha  nta  of  ^Mnga  of 
■onantuB  on  tha  aurfaea  alsBant  In  tha  dlraetlon  of  Ita  noraal  is 

V,  cot  r)  X  cot  )>iS  =  pjt^J  cot*»>i5.  - -  .  ,  _  . 

Thus,  tha  axcaas  local  prassura  forca  <^/  prodnead  hj  tha  ■oasntia  ehanga  is 

<^/  ®  (p  “  Po)*^^  *=  p,Kj  cot^rid^  *=  295  cos^TfiS,  (4) 

and  tha  local  pzwssura  coafflclant  la 

C  2  cot*!]  =  2(cot  a  tin  0  —  tin  «  cot  0  tin  P)*.  ^5) 

^0 

With  raspaot  to  bodj  axas,  tha  forcaa  on  the  bodjr  uj  ba  saparatad  into  a 
noraal  force  ^  in  tha  <  -dlraetlon  and  an  axial  force  X  in  tha  x  -dlraetion,  Fig*  3* 
for  an  elaaint  of  area  which  "saaa”  tha  flow,  tha  force  ooaponanta  ara 

dN  =  •i*'  I"  ^  “  ~'^o^p''  ^  d^  dxc  »  (4) 

since  dS!  CO*  0  =  r  d^  dx,  tnd 

dA  -  sin  6  dS  *:  g^C^r  tan  0  d^  dx  (7) 

The  total  forca  la  obtained  by  Integration  orar  tha  aurfaoa  of  tha  body.  In  gaaaral 


FIG.  5 
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will  b«  a  function  of  both  *  *nd  P  . 

Consideration  wet  now  be  giwen  to  those  portiors  of  the  bodr  tarface  whleh 
are  inclined  awaj  f roa  the  free-streaai  direction  V  „  ,  and  which  eaj  therefore 
be  thought  of  as  Ijin^  in  the  "shadow**  of  the  free  streaai.  This  situation  is 
illustrated  in  Fig.  5*  As  the  flow  proceeds  orer  the  body  there  will  eziat  a 
boundary  ac  detonained  by  the  condition  =  0  (that  is»  p  -  )•  AH  of 

the  body  surface  situated  upstreaa  froa  ac  is  exposed  to  the  onoosinf  flow  whleh« 
upon  striking  the  surface,  undergoes  ooaq;>ression  according  to  Eq.  (5)*  AH  of 
the  body  surface  dcwnstreaa  froa  ac  is  in  a  region  of  expansion  flow  for  whiob 
Bq.  (5)  has  no  aeaning.  Along  the  boundary  ac  the  tangent  rector  t  and  the  free¬ 
st  rean  rector  V^both  lie  in  the  sssm  plane,  the  tangent  plane,  and  consequently  n 
and^o  perpendicular.  This  condition  defines  ac  ,  and,  froa  Eq.  (3)*  leads 
to  the  relation 

coi  =  CO*  01  sin  9  ~  ain  a  coa  9  sin  =  0, 


or 


sin  fi. 


tan  9 
t  an  01  ' 


(8) 


where  the  subscript  (  )  „  refers  to  conditions  along  the  boundary  ac  which  definee 

the  liait  of  the  compression  flow  area. 

For  aH  transrerse  sections  (sections  normal  to  the  x  -axla)  froa  the  nose  back 
to  the  section  “6  ,  the  limits  of  integrklion  for  ^  a^^  from-n/2  to  tn /2. 
Downstream  from  the  section  ab  the  upper  limit  for  ^  •  h.  »  oorreepond  to  the 

points  lying  on  the  boundary  ac  and  wiH  be  a  function  of  x  .  The  point  c  » 
designated  by «  ^  ,  is  the  last  point  on  the  body  to  intercept  aqy  of  the  free- 

etream  flow,  and  at  this  point  =  -n  /?  — see  Fig.  5.  The  extreae 


forward  tip  of 
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(3)  if  are  in 

and  Xj^  ♦  Xj  ♦•••♦  <  1,  then 

fj^(x^)  ♦  f  j.x^)  -  ♦  ^0(3^)  • 

(3)»  by  replacing  by  -1,  and  x^  by  x,  vre  obtain: 

(4)  if  X  Is  in  and  x-(n-2)  <  1, 

then  f^(x)  ♦  f2(“-)  “  f2^(-l)  ♦  f2(x). 

Since  XfeS^  Implies  that  x-(n-2)  <  1,  and  since,  by  condition  (A)  of  the  hypothesis, 
■  f2(-l)  ■  -If  we  conclude  froci  (4)  that,  if  x  is  in  3^,  then  fj^(x)  ■  f  .(x): 

that  is  to  say,  that  the  functions  f^  and  f  ^  are  identical.  In  sir.ilar  fashion 

we  see  that  and  fj  are  identical,  for  all  i  and  j.  To  sinpilfy  the  notation, 

we  set  f  -  f -  fj.  We  wish  to  show  that,  for  every  x  in  S^,  f(x)  ■  x. 

Denote  the  interval 
-1  <  X  <  1 

by  S.  We  shall  sho\y  first  that  the  conclusion  of  0^  lerr.a  holds  for  every  x  in 

S.  First,  since  0  is  in  3  ,  vre  conclude  tliat 

'  n' 

(5)  f(0)  -  0. 

Now  if  X  is  any  point  of  3,  then  -x  is  a  point  of  3,  and  of  course  x  +  -x  -  0; 

thus,  making  use  of  (5),  we  see  that,  for  every  x  in  3, 

(6)  f(-x)  -  -r(x). 

Now  fron  (5)  and  (6)  and  condition  (D)  of  tlie  hypoth.esic,  wo  see  tiiat,  if  x,  y,  and 
X  ♦  y  are  all  in  3,  then 

f(x  +  y)  -  f(x)  ♦  f(y). 

Thus  the  hypothesis  of  Lonna  3.6  is  satisfied,  so  we  coiicluuo  that  there  exists  a 


a  polntad  body  nay  b«  atfuatd  to  b«  conical  crrar  a  short  distance.  Let  the  s«al- 
▼srtex  angle  of  the  cone  tip  be  denoted  by  0^  .  When  a  <  0^  ,  the  point  a  is 

situated  along  the  top  oeridian  (  ^  =  n/2)  at  the  point  where  0  =  a  .  When  a  ^  6^, 
the  point  a  is  situated  at  the  beginning  of  the  body  (  z  =  o  )•  Thus,  in  integrate 
ing  Eqs.  (6)  and  (7)  two  cases  suet  be  distinguished:  (l)  a  <  0^  ,  sotse  transrerse 
sections  are  completely  eiqnsed  to  the  flow  with  n/2;  (2)  a>e^,  the  trans- 

rerse  sections  are  only  partially  exposed  to  the  flow  with  ^  =  sin* ’(tan  6 /tan  a  ). 

Concerning  the  pressures  on  the  shadowed  or  shielded  portions  of  surface  lying 
in  expansion  flow,  which  may  be  denoted  by  ,  little  can  be  said  except  that 

Pf  ^  Po  •  If  it  should  be  assumed  that  the  flow  is  oosg^letely  separated  orer 
the  shielded  regions,  it  would  then  be  appropriate  to  use  p  =  which  gires  c  »  o 
for  the  pressure  coefficient.  The  general  relation  for  the  pressure  coefficient  is  t 


If  it  is  assumed  that  separation  does  not  occur,  p,  /p  ^  becomes  rery  small  compared 
to  unity  as  increases,  and  when  ®  ,  both  p,  /p,  and  C  are  zero.  Since 
c  =  0  for  either  of  these  possible  extremes,  the  shielded  portions  of  the  surface 

^  e 

would  contribute  nothing  to  the  integrals  of  Sqs.  (6)  and  (7). 

Thus,  for  true  Newtonian  conditions  corresponding  to  =  t>,  the  total  normal 
and  axial  force  on  the  body  obtained  from  (6)  and  (7)  are* 


(10) 

(11) 


^The  Yslue  ’i'  =  l.i*  should  be  used  for  expansion  flow. 

•Although  no  mention  has  been  made  of  the  base  pressure  coefficient,  when  U ^  cr 
it  ^anishee  in  the  sane  fashion  as 
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wh«r«  Is  glren  I7  Sq.  (5)*  ^  Nswtoni&n  rssults  (10)  and  (11)  can  b«  used  as 

hyptrvonlc  approxl]oati3n8  provldsd  ths  Mach  mis^r  Is  sufflcientlj  larga  —  =  15  » 

for  axaapls.  Whan  saparation  doas  not  occur,  C  Inoraasas  with  dacraasing  Mach 
rxuBbar,  and  as  lowar  Kaeh  nuBbara  ara  eonsidarad  (Af,  <  10  or  15,  for  axaa^ls)  It 

would  ba  naeassaiy  to  allow  for  raluas  of  C  diffarant  from  zaro  bacausa  the 
prassuras  on  the  axpansion  araas  bagin  to  hara  an  ai^raeiabla  effect  on  the  lift.  On 
the  other  hand,  for  dacraasing  Mach  nunbars  the  ralue  of  glren  by  £q.  (5)  ^or 
the  prassura  on  cooprasslo:.  araas  Is  less  than  the  gas  dynaadc  value  and  can  therefore 
still  ba  used  as  a  oonaanratlve  estlBate  for  the  coBtprasslon  flow.  In  this  Mach 
nuBbar  ranga  an  approxlsatlon  to  cha  aarodjrr.aBlc  forces  could  ba  written  in  the  fora 


sin 


tan 


r  r  s  in  (i  dp  dx , 

*  r 

C  r  tan  0  dx , 

"  i 


(K) 


(13) 


where  it  is  understood  that  C  say  ba  put  equal  to  zero  without  introducing  appreciable 
error  vdian  the  Mach  nuabar  is  high  enough,  or  uhen  separation  occuz*s. 


Before  obtaining  the  Integrals  (10)  and  (11)  for  a  particular  body  shape,  it  is 
convenient  to  derive  the  general  expressions  for  the  local  forces  on  a  transverse 
section.  The  normal  force  coefficient  for  the  entire  body  is  defined  by 

»  '*bera  d^  2r ^  is  the  maxlwim  diameter  of  the  body.  Axial  distance 
along  the  x-axls  will  be  expressed  in  units  of  x/u^  .  Considering  only  the  first 
term  in  (10)  corresponding  to  the  surfaces  in  compression  flow,  the  local  normal  force 
coefficient  per  unit  length,  ,  is 


(U) 
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r  is  a  function  of  x  onlj.  Introducing  ~  2(cos  a  sin  G -sin  a  co»  Ssin  p)*  fro« 


(5)1  th«  integration  jields 
Cl  =  —  - — sin  2a  sin20 


7;  r,  2j  \ 

+  cos  ^^2  cos*a  sin^G  — -j  sin  2a  sin  20  sin  j  sin^a  cos*0(8in^,8j^  f  2)]^ , 


Introducing  an  axj^  force  coefficient^^  “Vgo^'*^  »  the  local  axial  force  co¬ 

efficient  per  unit  length  is  written 


,  l  dX  i  r  ^  , 

C,  ■  - 2^  =  -  , - = - tsn  G-f  ^'C  d^, 

if)  '•■'■'fi)  "■  = 


Cl  = 


where  G  is  a  function  of  x  only.  The  integration  yields 

=  -i  _!1  tan  0  \('(i  +  — ')(2  cos*  a  sin*  0  +  sin*  a  cos*  0) 


+  cos  f3j|(ain  2a  cos  20  “  sin*  a  cos*  6  sin 

Distinction  is  now  made  between  the  two  eases  ^  5  ,  and  a  >  6^. 

Case  1*  a  <  0^ 

For  this  case  |i  =  7i/2  and  Eqs.  (15)  and  (17)  reduce  to 


Cl  =  2—  sin  2a  sin2G 

and 


Cj  =  4 - tan  0[2  sin*  0  i  sin*  a(l  3  sin*  0^]. 


Case  2,  a  >  0* 

In  this  case,  Eq.  (8),  /  \ 

■  \tan  a/ 

(I 

cos  -  V ^  a  • 

“  ’  tan*  a 

and  Eqs.  (I5)  and  (17)  reduce  to 

[('•  ^  .1 

4  —  ros*0  sin  2a  '' - tan  0  +  —  cos  p  (col  a  tan*  0+2  tan  a)  , 

r  71  3n  “  J 

.  3  .  • 

4 _ mn  0 - [2  sin*  0  +  sin*  a(l  -  3  sin*0)]  +  —  cos  sin  2a  sin  20 

r .  71 
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Eqiiations  (18)  through  (?1)  ar«  the  general  expreeeions  for  the  normal  and 

axial  forces  on  local  truxsrerse  sections  of  the  bod^,  assuming  C  -  o  on  the 

^ « 

shielded  surfaces  and  neglecting  centrifugal  forces  in  the  flow.  The  total  normal 
and  axial  forces  are  obtained  by  Integrating  these  local  ralues  over  the  length  of 
the  body*  In  order  to  apply  the  equations  to  a  particular  bo47  of  rerolution,  the 
profile  of  the  body  shape  is  introduced  by  specifying  G  as  a  function  of  *  .  Of 
partioilar  interest  in  missile  aerodynamics  is  the  body  consisting  of  cone  plus 
cylinder.  According  to  the  Newtonian  approximation  which  has  been  outlined,  the 
pressure  forces  on  a  body  are  determined  entirely  by  the  local  ralue  of  0  ;  con¬ 
sequently,  the  force  on  ary  portion  of  a  body  may  be  STaluated  separately,  and  the 
total  force  obtained  by  addition. 


B.  CONE 

For  a  right  circular  cone  of  length  base  radius  and  semi-yertex  angle 


we  haye 


_  =  >  =  p 

“  ^  tan  e/ 


cons 


t  =  0 


'■p  % 


As  before  two  cases  must  be  distinguished  corresponding  to  u.  i  0^,  and  a  >  0^. 
Case  1.  a  <  0, —  p  =  r,/2. 

From  '(w5  it  follows  that 


Since  =  1/(2  tan  oj.this  may  be  written 

~  (  OS  ^  Oj,  sin  2a. 


Similarly,  from  (19)  the  axial  coefficient  is 


=  2  8in*0^  +  .sin^  a(l  -  3 


( 


sin 


-1^- 


It  18  interesting  to  e.^^^aiine  the  rslue  of  the  initial  lift  curre  slope  for  the  cone. 


It  is  siispl^ 


-  2  cos^  6. 


For  a  very  slender  cone  (6^—*  o)  this  reduces  to  the  slender  body  result, “  2. 
TJds  gives  the  rather  surprtsing  result  that  at  small  angles  of  attack  the  lift  co¬ 
efficient  for  a  slender  diverging  body  has  very  nearly  the  sane  value  at  vexy  hlg^ 
Mach  numbers  as  at  very  low  supersonic  speeds.  This  indicates  that  for  a  body  of 
this  type  at  small  angles  of  attack  the  lift  coefficient  is  essentially  independent 
of  f&ch  number.  This  conclusion  is  completely  boms  out  by  the  Stone-Kopal  values 
for  cone  lift  at  small  angle  of  attack  shown  in  Fig.  1. 

Case  2.  a  >  O,— =  sin' ‘(tan  6^/tan  a). 

For  this  case  it  follows  from  (20)  that 

(?«  '■f)  1  f- 

C  =  cos*  6  sin  2a - +  — cos  b  (tan  0  cot  a  +  2  cot  0  tan  a)  , 

f  n  3r.  “ 

and  from  (21)  that 


r-  2/ 


[2  sin*  0  +  sin*  a(l  -  3  sin*  6^)] 


+  — cos  3  sin  2O  sin  2a. 
ill  “  • 


The  center  of  pressure  on  the  cone  may  be  found  by  taking  moments  about  the  vortex. 
If  a  is  the  distance  from  the  vertex  to  the  center  of  presstire,  this  distance  is 


determined  by  the  relation  y 

,  ,2; « 


momen  t 
»b1  force 


Vo  d. 


t;:  d 


Using  either  (22)  or  (25),  it  is  found  that 


=  J  i 
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C.  CILINDKR. 

To  determine  the  Newtonian  preceuree  on  e  circular  c/linder,  coneider  rin  ir. 
finite  circular  ojlinder  in  a  flow  which  ie  inclined  at  <in  angle  a  to  the  longitudinal 
axle  of  the  cyliiuler.  In  the  caee  of  a  circular  cylinder  it  is  erident  that  only 
the  lower  half  of  the  cylizvdrical  surface  ie  exposed  to  the  free^streaa  (case  2)  and 
therefore  that  P  =  0  .  Also,  since  6=0  and  r  =  r.  =  const  =  r.  (the  subscript 

U  B  S 

S  is  used  to  denote  cylinder)  for  a  circular  cylinder,  it  follows  from  (20)  that 

C'  =  —  sin  *  a.  (29) 

"  3n 

If  is  used  to  denote  the  length  of  any  portion  of  the  infinite  cylinder,  the 
normal  force  coefficient  is 


Bin'  a 


5  33  -t, 

U  4 


sin  a. 


q^r.r^  3r.  r. 

where  S  is  the  normal  force  on  the  cylinder  length  .  The  axial  force  on  the 
cylinder  of  course  is  eero.  Also  k/^cl)  is  zero. 


When  the  effect  of  centrifugal  forces  as  influenced  by  the  boundary  layer  is 
considered  in  addition  to  the  impact  (Newtonian)  forces,  the  normal  force  on  the 
cylinder  is  reduced  by  ten  percent  (see  Appendix).  Thus  (29)  and  (30)  become 


C'  = 

ff 


sin  a 


4  8  , 

C„  - - Bin  ^  a. 


The  analysis  Including  centrifugal  forces  Indicates  that  -ntch  effects  are  snu-ller 
for  oonwentional  slender  noses  such  as  cones  ard  ogives  at  moderate  angles  of 
attack  and  thus  the  pressure  forces  on  such  slender  noses  are  satisfactorily  approxi¬ 
mated  by  the  Newtonian  (impact  force)  method.  Consequently,  the  aerodynamic 
characteristics  of  a  cone  as  given  by  equations  (-^2)  through  (26)  are  not  modified. 
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D.  THE  CONE  Awn  CTLIMDEH  AP^-AS  SITUATED  IN  EXPANSION  FLOW. 


All  of  the  expressions  (lA)  throu^  (3?)  can  be  Interpreted  In  t\io  ways.  For 

truly  Newtonian  conditions  corresponding  to  it  was  pointed  out  preriouslj 

that  =  0  and  f  =  0  ,  In  this  ease  the  foraulas  (lA)  through  (30)  gire  the 

total  forces  on  the  entire  body,  including  the  surfaces  situated  in  ejqpanslon  flow. 

If  the  foroulas  (14)  throxigh  (30)  are  considered  as  hypersonic  approxissations,  they 

* 

may  be  thought  of  as  applying  only  to  the  forces  on  the  surfaces  in  eoepression  flow. 

In  this  case — as  discussed  in  connection  with  Eqs.  (12)  and  (I3)~-it  is  appropriate 
to  consider  a  non-zero  Talue  for  the  pressure  coefficient  where 

c  =  1  /p-  -  A 

t 

corresponding  to  the  surface  areas  situated  in  expansion  flow.  Although  c  is 
certainly  negligible  at  very  high  Mach  nuabers,  it  would  hare  to  be  giren  consideration 
in  any  attempt  to  extrapolate  the  hypersonic  approxlaations  down  to  lower  Mach 
numbers.  In  riew  of  the  extremely  approximate  nature  of  such  a  procedure,  it  would 
probably  be  sxifficient  to  use  an  average  value  which  is  independent  of  g  but 
which  may  be  different  on  the  cone  and  on  the  cylinder. 


1.  Cone 


If  an  average  pressure  is  used,  from  Eq.  (12)  the  normal  force  A'  ^  on  the  expansion 


flow  areas  of  the  cone  would  be  written 


f‘r  .,n  P  ciB  di. 

*  \  Po  !  ^0 


where  J>  is  the  average  pressure  on  the  shielded  area  of  the  cone,  and  P  -sln'  ’UanO  /tanal* 
The  correspond iiig  normal  force  coefficient  c  is 


2  il  - 


Pq/  ."■'1 

_ — y ^  ^  * 


-  tot  *  0  —  cot  *  a. 
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dlailarly,  th«  axial  ooaffielant  la  found  to  b« 


2.  (^Undar 

For  tha  CQrlliidar,  ainoa  P.  =  0,  r  *  oonat,  and  it  la  aaauaad  that  p  =  p,  “const, 


tba  raaolt  la 


C 


H 


(35) 


Za  ordar  to  uaa  thaaa  aquations  appcroxdjaata  Taluas  for  p,^  and  nuat  ba  aatiaatad 
in  anj  aaaaar  which  appaara  faasiblc,  possibly  froai  two-diMnsional  fas  dynaades  and 
loir  aapaot  ratio  auparaonio  wing  thaory.  An  indication  of  tha  aartiai  affaet  of  tha 
axpaaaion  praaauraa  on  tha  lift  of  a  yawad  body  is  obtainad  by  patting  “  p,^  “  0. 
This  la  shown  in  Fig.  7  For  a  typical  body.  Tha  actual  lift  (noirval  foroa)  oould  ba 
axpaetad  to  ba  aoawwhara  batwaan  tba  two  eurraa  shown  in  Fig.  6> 


NORMAL  FORCE  COE 


2  3456810  20 

MACH  NUV3ER  ,  M_ 

ILLUSTRATION  OF  LOW  MACH  NUMBER 
EFFECT  OF  EXPANSION  FLOW  ON  THE 
LIFT  OF  A  YAWED  BODY  OF  REVOLUTION 

FIG.  6 

/  6- 
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in.  THE  CCKREUTION  OF  SIPEHDffiWAL  RESULTS  FOR  THE 
SUPERSONIC  LIFT  ON  BODIES  OP  REVOLUTION 

Th«  prvrious  dltcusslona  hart  b««n  eoncarnad  antiralj  with  approxlmta  sathoda 
for  pradictlng  tha  lift  of  a  body  of  ravolution  at  hypersonic  Mach  maibars,  of  tha 
ordar  of  10  or  15  and  abora.  Sinca  It  is  Ijqportant  to  hara  raluae  of  body  lift 
throtifhout  the  oomplata  Mach  mnibar  range,  this  still  laaras  tha  problaa  of  astiaating 
body  lift  at  all  lower  Mach  mmbars.  Because  of  tha  lack  of  theoretical  results 
applicable  to  this  range  of  Mach  nunbar  (2  <  <  I0)»a  study  has  been  made  of  arail- 

abla  axparlnntal  data  and  an  atta^M,  made  to  use  tha  indications  of  these  results 
to  astiaata  (interpolate)  tha  body  lift  In  tha  intamadiata  range  of  Mach  nunbar. 

For  this  purpose  use  is  aada  of  tha  hypersonic  approrlnation  for  tha  upper  and  of 
the  Mach  nuad>ar  range.  This  pr>oeadura  is  adnittadly  alnost  qualitatira  in  sons 
respects,  and  it  is  axpaotad  that  at  least  sons  of  tha  results  giran  hara  will  hare 
to  be  Bodifiad  as  nora  thaoretiesJ  and  axparlMsntal  data  baeona  arailabla. 

Tha  saount  of  arailabla  systematic  supersonic  axparinental  data  for  yawed  bodies 
of  iWTolution  appears  to  be  extremely  limited.  A  surrey  of  all  supersonic  data  on 
yawed  bodies  of  rerolution  shows  that  there  exists  no  complete  systematic  series  of 
tests  (at  least  with  data  in  usable  form)  in  which  body  lift  is  determined  as  a 
fbnetion  of  angle  of  attack,  Mach  number,  and  body  fineness  ratio-part icularly  for 
rarylng  lengths  of  cylinder  behind  the  earns  nose  shape.  Except  for  the  rery  complete 
tests  on  the  A4(7)  and  the  Was serf all, (* )  there  is  a  great  scarcity  of  pressure  dis¬ 
tribution  data  for  yawed  bodies.  This  type  of  information  iw  quite  essential  if 
significant  comparisons  are  to  be  made  with  any  theoretical  results.  Eren  for  so 
simpls  a  shape  as  a  oone  there  are  but  rery  fragmentary  pressure  distribution  data 
for  the  yawed  condition.^*)  MoreoTer,  siost  of  the  systematic  experimental  work  in 
the  past  has  been  limited  to  body  fineness  ratios ( )  of  7  or  less.  ^  ‘  '  The 


iapol'tane*  of  t««tt  on  bodies  of  large  finenees  ratio  lies  in  the  indications  of  the 
discixssion  below  that  the  lift  on  the  cylindrical  part  of  the  body  behind  the  nose 
not  only  bscoees  appreciable.  Fig.  7»  bat  also— at  high  enough  speeds,  Eq. 
the  lift  is  directly  proportional  to  the  cylinder  length  and  to  the  square  of  the 
angle  of  attack.  While  such  is  to  be  desired  by  vay  of  experlaental  data,  by  using 
the  hypersonic  approxiaation  as  a  guide  together  with  arailable  sxpsrisisntal  results, 
it  has  been  possible  to  obtain  a  rsther  consistent  correlation  for  body  lift  orer 
a  wide  range  of  conditions. 

A.  LIFT  ON  A  CYLINDER  FOLLOWING  A  CONE  OR  OGIVE 

Fron  the  close  agreement  in  Fig.  1  between  the  hypersonic  approxljMtion  and 
the  Stone-Kopal  ralues  for  cone  lift,  it  is  sridsnt  that  the  faypsrsonic-approxljMition 
▼slues  giTS  a  good  approxiaation  for  cons  lift  eren  at  low  supersonic  Mach  nui^rs. 

It  is  instructlTS  to  compare,  at  low  Mach  numbers,  the  hypersonic  approxlBatlon  for 
cylinder  lift  with  the  expsriaental  values  for  the  lift  on  a  cylinder  following  a 
cons  or  ogiwe.  It  is  possible  to  extract  sobs  rather  definite  indications  in  this 
regard  from  the  Tory  complete  pressure  distribution  data  for  the  Genwn  A4  aissile 
at  angle  of  attack. The  A4  body  has  an  ogiral  nose  followed  by  a  straight 
cylindrical  section  which  extends  back  to  the  beglxming  of  the  tall  surfaces,  beyond 
which  there  is  a  boattail.  If  x  is  the  distance  measured  from  the  forward  tip  of 
the  nose  and  d.  denotes  the  oaxinum  body  diameter  •=  d,  ,  the  diameter  of  the 
cylindrical  section),  the  straight  cylindrical  section  extends  from  x/d^=3.$  to  6. 

giving  a  cylinder  length  of  «’.5  calibers. 

The  data  in  Ref.  7  the  local  normal  force  ooefficients  as  a  function 
of  position  */dg  along  the  body,  for  a  range  of  Mach  number  and  angle  of  attack. 

These  local  values  of  c:^  have  been  integrated  over  the  cylinder  section  and  give 
the  cylinder  lift  values  shown  in  Fig.  7»  These  results  ehow  that  at  supersonic 


-18- 


■pt«<l8  th»  <qrliDdric«l  portion  of  a  body  eontribataa  Tory  apprtolablo  lift — which 
ia  ratbor  atrongly  doptodant  on  angla  of  attaak  and  Maoh  nuabar,  and  aaphaaiza  tha 
axtroMly  poor  approxlna^ion  giran  by  tha  alandar  body  (O~ordar)  tbaory— which  pra- 
dlota  aaro  lift  on  tha  cylindar,  and  by  tha  llnaarlsad  (lat-ordar)  thaorlaa  which 
pradiet  only  rary  Unltad  eylindar  lift.  Figura  7  alao  Indieataa  that  for  low 
aaparaonia  apaada  tha  lift  on  tha  eylindar  haa  alraady  ascoaadad  tha  hyparaoulc- 
approxiaaiion  Talua  and  ia  Inoraaaing  rapidly  with  Mach  mudbar*  At  high  aoou^ 

Haeh  mabara,  yat  to  ba  datanainadi  thaaa  eorraa  mat  daoraaaa  to  tha  hyparaonie- 
apparoxiaation  Talnaa.  In  Tiaw  of  tha  eonatant  Talua  of  tha  norml  force  ooafficlant 
for  a  oona,  for  axanpla,  thia  auggaata  that  tha  noxval  forea  ooaffieiant  for  a  cona 
plna  eylindar  body  mat  go  throu^  a  naxirnn  with  raapeot  to  Mach  minbar.  It  will 
ba  aaan  latar  that  thia  ia  axaotly  what  ia  indicated  by  tha  analyaia  of  aTailabla 
axparlnazxtal  data. 

Tha  qualitatlTa  nationa  coneaming  tha  lift  diatrlbutlon  on  a  eylindar  following 
an  ogiTa  ara  Indioatad  by  Pig.  8.  At  low  auparaonie  Maoh  nuabara  2  to  3)  tha 
local  norml  forea  ooaffleiantC^  daeraaaaa  with  diatanca  downatraaa  along  the  axis 
of  tha  ayliodar  ^t  giraa  and  intagratad  lift  coaffioient^^v  which  la  greater  than 
tha  hyparaonio-approximtlon  Talua.  At  aoaa  higher  Mach  nunbar,  probably  in  the 
range  3  <  A  <  6,  c.  raachea  ita  higheat  Talua.  At  still  higher  Mach  nunbers  the 
Tariation  ofC^  along  tha  cylinder  axia  baooma  aaaller  and  aaaller,  approaching  a 
eonatant  condition,  and  approaehaa  the  hyperaonio-approxiiiatior  Talue.  The  Mach 
noiber  at  which  the  total  body  lift  becones  approxlnataly  equal  to  the  hyperaonic- 
approxlaation  Talua  will  be  dlacuaaed  below  on  the  baaie  of  the  indicatlona  of  the 
experijaental  data. 


r  -  normal  force 
■  q  A 

As  =  CROSS-SECTIONAL  AREA  OF  CYLINDER 
-Q  =  FREE- STREAM  DYNAMIC  PRESSURE 
O  DATA  FROM  REFERENCE  7 
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B.  THE  OilTIAL  KQBKAL  FORCE  SLOPS  FOR  laSSIUES 
WITH  CILIHDHICAL  AFTERBODIES 


A  ^Tpioal  Bltiilt  bodx  li  ihoim  lohOMitleAll^  in  F±g^  9*  It  consist!  of  a 
diTsrglng  ssetioa  (boss)  of  Isn^h  ,  which  way  bs  either  a  cons  or  an  ogirs,  a 
straight  (ejlindrioal  section)  of  length  and  a  oonrerglng  (boattall)  a jction  of 
length  •  The  eeed-rsrtcx  angle  of  the  nose  cone,  or  of  the  insezrLbed  cone  when 
the  nose  is  ogieal,  is  denoted  bF  6^  •  The  total  body  length  is  ,  the  eariiM 
body  diaaster  ,  the  ■aTTow  cross-section  area  d^},axiA  the  dlaaeter  of 

the  base  •  All  of  the  body  aft  of  the  nose,  or  forebody,  nay  be  referred  to  as 
the  afterbody*  and  its  length  denoted  by  ^4  )  •  The  afterbody  nay  consist 

of  all  cylinder,  part  cylinder  and  part  boattail,  or  all  boattail.  In  general,  the 
Tariablis  upon  which  the  nonal  force  coefficient  will  depend  nay  be  indicated  by 


ttie  relation 


■eraal  force 


9,4, 


(36) 


For  the  case  in  which  the  entire  afterbody  iw  cylindrical  (no  boattail),  it  follows 
that ^  <^4*^  ^be  dependency  of  C,  becoaes 


norstl  force 
s  - 


(37) 


Since  Bost  of  the  arailable  lift  data  are  restricted  to  small  angles  of  attack,  such 
resxilts  are  eaployed  to  greatest  adrantage  when  they  are  used  to  eTaluatefc/Cy/doi)^^,’ 
Frost  eqaation  (24)  and  Figs.  1  and  2  it  appears  that  the  normal  force  on  the  conical 


^dC 


MCI 


nose  Taries  approxljyitely  as  c 01  ^6^, and  this  suggests  use  of  the  parameter! 

Howerer,  moet  of  the  test  data  fall  within  the  rangefri^  6^  <  i5*so  the  rariation  of 
cos *6^  from  its  sMdlan  ralue  is  Isss  than  4  percent  and  within  the  accuracy  of  the 
experlaeotal  data.  Furthermore,  an  inrestigation  of  the  lift  on  the  cylinder 


/os»e^. 
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following  a  oone  (naing  ymwad  con*  data  (2)  and  Prandtl-^teyvr  axpanalona) 
Indleatea  that  th*  cjlindar  lift  aaj  rary  with  con*  aaai-Ttrtax  angle  eo  aa  to 
counteract  the  yariatlon  of  cone  lift  with  0^  .  For  these  reasons  6^  is  ellsdnated 
and  the  experimental  correlation  ie  reduced  to  the  form 


y 


(38) 


This  correlatior.  has  been  carried  out  and  yields  the  results*  shown  in  Fig.  ID. 
While  the  experimental  points  (not  indicated)  show  considerable  scatter,  the  correla¬ 
tion  is  sufficiently  good  to  define  indiTidnal  eureos  for  oone  and  ogive  nose  shapes 
and  is  considered  fairly  satisfactory,  at  least  for  preliminary  purposes.  It  is 
found  tha**  idien  the  length  of  the  afterbody  exceeds  about  3  diameters  (calibers),  as 
far  as  total  lift  is  concerned  it  makes  little  difference  whether  the  nose  is  an 
ogive  or  a  cone.  At  the  lower  Mach  numbers,  tbs  carvee  go  ihrongh  a  ■i,Tl,w 
with  respect  to  both  afterbody  fineness  ratio  and  Mach  number.  As  beopmes 

(  ^  9),  the  initial  normal  force  slope  becomes  essentially  independent  of  after¬ 
body  length.  At  the  higher  Mach  numbers,  ^  9,  the  initial  slope  becomes  equal  to 
that  given  by  the  hypersoni e-approximation  for  a  cone.  This  follow*  from  the  fact 
that  a  cylindrical  afterbody  contributes  nothing  to  the  Initial  normal  force  slope 
in  hypersonic  flow — Eq.  (30).  At  hypersonic  speeds  th*  ogive  normal  force  is  approxi¬ 
mately  equal  to  the  normal  force  on  its  inscribed  oone,  ae  has  been  assumed  in 
Fig.  10. 


*It  will  be  noted  that  the  abeclesa  in  Fig.  10  is  labelsd  ,  and  thsrsfore  not 

limited  to  missiles  without  boattail.  It  is  pointed  out  in  Section  D  that  the  effect 
of  boattail  may  be  accounted  for  as  an  increment  in  initial  normal  force  elope  (see 
Fig.  15)  which  must  be  added  to  th*  values  obtained  fro*  Fig.  10.  When  there  is  no 
boattail,  *nd  th*  values  of  Fig.  10  apply  direct  It. 
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C.  ADDITIONAL  NORMAL  FORCE  RSSULTINO  PROM  ANOLS  OP  ATTACK 

If  tbt  nonud  fore«  oonr*  tlopt  wtr*  iod»p«nd«Qt  of  a  ,  th«  nonaal  forc«  oould 
thMi  te  obtaintd  laMdiatol/  fron  fig,  10.  Howvrtr,  oxMpt  for  rmrj  nail  ani^ot 
of  attaek  and  ■iteilot  with  no  ajrt«rbo<i7»  tho  nonud  force  is  found  to  dspsrt  wldsljr 
froB  a  linear  Tarlation  with  a  ,  and  to  rarj  in  a  nannsr  which  is  aoro  nsarljr  a 
quadratic  function  of  a .  This  offset  of  angle  of  attack  on  noraal  force  can  be 
studied  introducing  an  increwmt  in  nonaal  fores  coefficient,  ,  defined  bj 


(39) 


This  is  illustrated  in  Fig.  11*  Ponsnla  (39)  is  the  relation  used  to  coi*relate 
angle  of  attack  conditions,  including  the  effects  of  Mach-nuadber  and  afterbodp  length 
at  angle  of  attack.  It  appears  that,  within  the  aecuraejr  of  the  data,  raries 

as  sin^a  so  the  results  of  the  oorrslation  are  presented  in  the  fom  i\Cj,/aiD’a. 
Before  giving  the  results  of  this  oorrelation,  it  is  worthwhile  to  point  out  how  the 
hyptreooic  approxiaations  aej  be  used  to  extrapolate  fron  the  Halted  range  of  con¬ 
ditions  ooTsred  bj  the  eaperlapatal  results  to  conditions  of  higher  Mach  nuaber  and 
angle  of  attack. 


Bp  using  the  experiaen^  1  correlation  results  such  as  those  of  Pigs.  10  and  11, 

it  is  possible  to  obtain  experljBentall7-based  estiaatea  of  up  to  =  4,  over  a 

range  of  values  of  and  a  •  These  are  shown  by  tbs  left-hand  end  of  the  curves 

^  4.0)  in  Figs. 12  and  13«  At  the  high  Mach  nunber  end  — 

15  or  20,  and  higher)  we  have  the  hTpereonic-approxlaatlon  values  which  are  independent 

of  Mach  nuriber.  As  explained  in  Part  II-D,  hj  extending  the  hTpersonlc-approxlaation 

to  lower  Mach  miid>er8  using  =  o  for  the  surfaces  in  expansion  flow,  an  indication 

is  obtained  of  the  Halts  within  which  the  actual  value  of  aust  He.  These  Halts 

are  showa  as  curves  1  and  2  in  Fig.  12,  for  ample.  Since  there  is  no  sxpsriasntal 

data  for  k,  >  4.3I,,  and  most  of  the  experljeental  data  does  extend  beyond  3, 
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thM*  lixit  cnrr—  maj  b«  OMd  m  a  for  oztMdiof  tbo  low  Maoh  naibor  rMfo 
inlo  iht  hjyyionie  ranft*  Thia  la  iha  proeatoa  which  haa  baas  foUoiiad  to  ob¬ 
tain  ii'Jt  raanlta  ahofwn  In  Flfa*  12  and  13.  Vhila  thia  yx>oa<Bra  adalttadljr  aon- 
talna  oartaln  alaownta  of  aabitnarlnaaa»  It  la  ballarad  to  yiald  fairlj  raaliatle 
raaalta  and  at  laaat  giToa  praUxlnary  wofldnc  ralMa  for  lift  art  a  aaaga  of 
oonditiona  for  which  no  oibar  Infoimtlon  axLata. 

E(jr  a^plojrlns  raaulta  of  tha  tjrpa  ahown  in  Flfa.  12  and  13*  tha  corralatad 

valnaa  of  (fig*  H)  froii  taat  data  hava  baan  aatandad  into  tha  hjparaonlo 

region  aa  id»wn  in.  Fig.  14.  Tha  fajparaonie-apfroodmtlon  for  aeoaa  gitaa  aa 

for  tie  low  Mfie  of  fttaek 

praetloallj  a  llnaar  fnaati^  of  angle  of  attat^ranga  (a<26^)  «tii^  la  or  Boat 
Intaraat.  Tha  aaagar  ajqparlanital  oona  data  Indieata  that  thia  la  alao  traa  at 
lofw  anparaonlo  apaada.  Thna  iha  additional  noival  forea  aoaffielMt  ifg  for  a 
oona  la  iaro«  at  laaat  to  tha  aaaa  dagraa  of  aeaoraex  aa  can  ba  axpaotad  f roB  tba 
ajqpariaantal  data.  Conaaqaaotljr,  It  foUowa  that  tha  ralnaa  In  Fig.  14  rofar 
to  tha  cyllndar  only,  and  for  4,  «  co  ara  giran  Isr  fotaala'’  (3*) a-  ^ 

D.  SFFBCT  CF  BOATTAH 

4  prallalnary  oorralatlon  of  arailabla  data  hara  ahown  tha  affaot  of  boattail 
on  noraal  forea  to  ba  llaitad  to  tha  initial  noraal  foraa  alopa,((fCj,/da)g^.,  . 

No  eonaiatant,  pronounead  affaot  on  tha  additional  nomal  forea,  ,  waa  fcxnd 
within  tha  angla  of  attaak  range  of  the  taata  (a  S  lO**)*  It  ii  IDcaly,  howarar, 
that  data  at  highar  anglaa  of  attaek  (a  >  lO*)  woald  ahow  aoBa  affaet  of  boattail 
on  .  It  appaart  that  tha  initial  oonaal  forea  slop#  daoraaaaa  linaarly  with 

dacraaaing  baaa  ratio, ,  orar  tha  norml  ranga  of  baaa  ratloa— 0.4  <  d^/d^  ^  1*0« 
Tha  affaeta  of  boattail  angla  and  typa  (eonlcal  or  oglTal)  and  tha  body  praoading 
tha  boattail  appaar  to  ba  aaall  eowparad  with  tha  affaot  of  tha  baaa  ratio.  Tha 
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dg  =  MAXIMUM  DIAMETER  OF  BODY 

Ar  = MAXIMUM  CROSS  SECTION  AREA  OF  BODY 
€  =  BOATTAIL  ANGLE 

=  BASE  DIAMETER 

4  =  total  length  of  body 

io  --  LENGTH  OF  NOSE,  OR  DIVERGING  SECTION 
4  =  LENGTH  OF  STRAIGHT  OR  CYLINDRICAL  SECTION 
4  =  LENGTH  OF  CONVERGING  SECTION 

DIAGRAM  OF  TYPICAL  MISSILE  BODY  -  SCHEMATIC 


FIG.  9 


P-87-17 

P-07-l7a 


CONICAL  NOSES 
OGIVAL  NOSES 
BOTH  NOSES 


-  NORMAL  FORCE  SLOPE  FOR  MISSILES 
WITH  CYLINDRICAL  AFTERBODIES 


normal  force  coefficient,  c 


22-<l  - 


DIAGRAM  TO  ILLUSTRATE  TYPICAL  VARIATION  OF 
NORMAL  FORCE  COEFFICIENT  WITH  ANGLE 
OF  ATTACK- SCHEMATIC 
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VARIATION  OF  NORMAL  FORCE  COEFFICIENT 
WITH  MACH  NUMBER  AND  ANGLE  OF  ATTACK 
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Tb«  rtiolt*  of  this  oorrolatioa  art  shown  bj  Pig*  15*  It  will  b«  ootod  that  th« 
bocttail  tffoot  is  s  MSTlm  at  low  spaada«  and  dscrsaass  to  zaro  at  about  If,  9* 

This  is  in  agrssMot  with  tfas  slsndsr-bo^y  tbsorlM  ^  >  which  predict  ssro  lift 

wbsnif^/a^  »  o,  and  with  ths  b[]rpsroottio>apixroxijuttion  which  indicates  no  boattall 
effect  on  the  initial  slope  paraaeter*  It  should  be  aentioned,  however,  that  the 
hjpersonic-approxlaatioa  would  show  an  effect  of  boattall  on  ,  since  the  boettall 
pMiicn  of  the  bodp  would  be  conplstelj  shielded  at  angles  of  attadic  less  than  the 
boebteil  aqgli. 


1.  CBRKE  or  PBSSSaSB 


Qjr  using  the  noraal  forces  which  have  been  estiaated  for  asip  oone^c/llnder  or 
ogive-cjlinder  ooahiiution,  it  is  posslbl#  to  eetiaate  the  oorresponding  center  of 
pressure*  figone  10  and  Ik  give  the  nonal  force  on  a  e<me  or  ogive  and  the  noraal 
forte  distribution  along *a  cjllndsr  following  the  oone  or  ogive*  The  center  of 
prseeere  of  the  oone  end  ogive  are  approjdaatelj  0*67^^  and  O*53<0  ,  reapactivalj, 
aft  of  the  noee*  Figure  15  givee  the  increaent  in  noraal  force  due  to  boattall. 

It  appeare  aatiafSetorj  to  aeeuae  that  this  force  acts  at  the  sld-point  of  the 
bositail*  The  location  of  the  eieeilg  center  of  pqreeeore  af\.  of  the  noee  tip,  x 

C  '  p  0  ' 

is  obtained  b7  fondng  the  euBMtion  of  the  varloue  ooaponente  c^oording  to  the 


fonads 


(to) 


PreXiBinaiy  cheeke  of  this  astbod  have  ebown  eatiefactory  agre leant  with  experiasntal 
data* 
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4PPEHDIX 

AHALTSIS  or  THE  CEHTRIFUQAL  FOTCE  EFFECTS 

amRAL  DISCUSSION 

Tbt  siapLi  4QAlj*i«  of  Newtonian  flow  is  Inoosplcts  inasKch  as  tbs  offsets  of 
esotidfUfal  foross  in  tbs  flow  aroond  tbs  bo<ly  bars  bssn  nsglsetsu.  In  ths  flow 
oTsr  pGLiiis  sarfasss  at  anglo  of  attaok  and  on  eonss  at  asro  angle  of  attadc,  sines 
ths  paths  of  ths  air  partiolss  orsr  suoh  surfaoss  (that  is,  ths  strssjdlnss  on 
tbs  sarfaoss)  ars  straight  lines,  no  osntrifugal  foress  ars  prsssnt.  Howsrsr, 
when  tbs  sarfaes  strssallnss  ars  ourrsd — as  is  ths  oass  for  bodiss  of  rsrolution 
at  aagle  of  attack,  for  ssssqile— csntrlfagal  forces  will  bs  present  in  ths  flow. 

For  thsM  flow  problsas,  ths  total  surface  pressure  coefficient  at  apj  point  on  tbs 
bodj  is  equal  to  the  iapaot  pressure  ooefficisnt  sinus  ths  centrifugal  pressure 
effsst.<^**»  <■*•>!£  ^  pressure  ooefficisnt  due  to  ths  Newtonian 

livast  pressure  p.  ,  and  is  ths  pressure  relief  due  to  centrifugal  forces,  then 
the  net  pressure  coefficient  is  sisply 


where  tbs  net  pressure  p  is  specified  hj  p  °  Also»  shen  centrifugal  forces 

are  present  the  Halt  angle  denotes  the  point  of  zero  net  pressure  coeffl<dent, 
and  not  the  point  of  zero  ijiqjact  pressure  coefficient  as  in  the  earHer  discussion, 

Fhs  Newtonian  iapact  pressures  are  eraluated  according  to  the  eethods  given 


in  Fart  II.  The  pressure  rsHef  p,  resulting  froa  centrifugal  forces  is  svaluatsd 
froa  ths  fonula 


(42) 


^er«  a  =  rata  of  mats  flow  through  a  straaatnba  at  any  point  on  tha 
aurfaca 

*=  affaetlTa  yaloeitj  in  a  atraaatuba  at  any  point  on  tha  turfaca 

C 

B  =  radius  of  normal  cunratura  of  tha  atraamtuba  at  any  point  on  tha 

aux^aca. 

AC  width  of  tha  atraamtuba  (tha  hai^ht  of  atraamtuba  it  tha  body  layar 
thicknaaa  which  is  datcribad  balow) 

In  ordar  to  araluata  i  and  B  for  a  body  of  rarolution  at  angla  of  attack,  tha 
particla  paths,  or  straambubaa,  on  tha  body  turfaca  mutt  ba  datarminad.  In  tha 
hypa^-tonio  approximation  tha  shock  wara  may  ba  iaaginad  to  wrap  ittalf  around  tha 
portions  of  tha  body  which  ara  tubjaot,  or  axpotad,  to  conprassion  flow.  Cki  thata 
portions  of  tha  body  thf  flow  ia  oonfinad  to  a  thin,  high  dantity  layar  which  list 
on  tha  aurfaca  of  tha  body  azKl  which,  tharafora,  may  ba  rafarrad  to  at  ”tha  body 
layer.”  Neglecting  friction,  tha  total  reaction  of  the  body  layer  fluid  on  tha 
surface,  and  of  tha  forces  acting  on  tha  fluid,  must  ba  normal  to  tha  surface. 

Hence,  tha  principal  normal  (normal  radiua  of  curvature)  and  therefore  the  osculating 
plane  at  erery  point  on  a  etraamline  must  be  normal  to  tha  aurfaca.  Thus  tha 
streamtubea  ara  similar  to  tha  geodesic  paths  obtained  for  the  constrained  motion 
of  a  particle  on  a  curved  surface.  At  each  point  along  a  streaatube  the  radius 
of  ixirvature  is  directed  along  tha  inward  normal  to  the  surface — that  ia,  along  the 
vector  n  .  The  rate  of  mass  flow  ■  at  any  point  on  a  body  layer  atreamtuba  ia 
obtaine^l  by  finding  the  sum  of  all  the  particles  which  have  prerloualy  entered  the 
body  layar  along  the  particular  streasitube. 

Lot  the  curve  Fig.  16,  dsrvote  a  streamtube  lying  on  ths  surface  of  the  body 
and  let  tha  radius  of  normal  curvature  of  the  streamtube  at  the  point  B  on  the 
surface  be  denoted  by  B  ,  Let  the  lines  of  curvature  at  /’  have  the  directions 
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glT«n  by  th«  unit  wctora  t  (aarLaui  radius  of  nonaal  cunraturs)  and  b  (alninua 
radius  of  noiml  ourraturs),  and  1st  ths  eurrs  C  (that  is,  ths  strsaatubs)  at 
this  point  asks  ths  angls  y  with  t  — Fig.  16.  According  to  Eulsr*8  thsorsm***’ 


it  follows  that 


1  CO**  V  sin* 
—  «=  - '  +  - 


whsrs  Aj  is  ths  radius  of  principal  noraal  cunraturs  in  ths  t  -dirsetion,  and  ^2  that 
in  ths  b  -dirsetion.  For  a  bodj  of  rorolution,  which  win  bs  ths  cass  trsatsd  hsrs, 
t  is  tangant  to  a  asridian  and  b  is  tangsnt  to  a  circular  parallsl;  and  ths 


asridians  and  parallsls  ars  ths  linss  of  cunraturs  on  the  surfacs. 


t  is  ths 


radius  of  eurraturs  of  ths  noraal  (asxidian)  ssetion  obtained  by  passing  a  plane 
nonal  to  ths  surfacs  and  containing  ths  axis  of  syaastry.  ^ ,  is  known  isaediately 
whsn  ths  profils  shaps  of  ths  body  of  rsrolutlon  is  spscifisd.  nay  bs  dstsrainsd 
by  asans  of  Msusnisr*s  thsorsa  (sss  pags  505 »  Hsfsrsnes  15)  which  shows  that 


H,  =  -  ,  U 

*  CO*  6 

whsrs  r  is  ths  radius  of  cunraturs  of  a  circular  paraUel  and  6  is  the  angle  be¬ 
tween  n  and  r  (that  is,  @  is  ths  direction  of  ths  tangent  along  a  meridian). 
Frca  (43)  And  (44)  it  follows  that 

1  _  cos*  >  ^  sin*  Y  CO*  ^ 

/!  '■ 

is  ths  relation  for  ths  rsdius  of  cunraturs  of  the  streamline  at  anjr  point  on  the 
surfacs  of  a  body  of  rcTolutlon. 


Consideration  aust  next  bs  girsn  to  ths  reloclty  • .  of  ths  flow  over  ths  sur¬ 
faces  of  ths  oodj  which  ars  exposed  to  compression  flow.  When  a  free  stream  par¬ 
ticle  strikes  the  body  layer  at  a  local  point  P  (see  Fig.  16),  it  loses  its  com¬ 
ponent  of  Tslocity  normal  to  ths  surfacs  at  this  point,  while  ths  velocity  components 
in  the  tangent  plane  remain  unchanged.  Letting  denote  the  angle  between  ^0  And  ^ 
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(t),  is  ldsDtlo4l  with  7]  in  Eq.  (3) )»  it  follows  trom  (3)  that  oos  r)^  «  co«  a  tinO 
Bin  a  cos  Q  sin  p  .  Tbs  oomsl  coaponant  of  rslooitj  a>s  is  lost  upon 

iapsct,  and  ths  fluid  psrtiols  sftsr  isipset  at  ths  point  P  is  Isft  with  tbs 

\ 

Tslooitj  oooponsnts  alone  t  and  k  onehangsd.  If  ths  angls  bstwssn  V,  and  t  is 
dsnotsd  bgr  and  tbs  angls  bstwssn  and  b  bj  7]^  »  it  follows  from  (3)  that 

s 

cos  7)j  *=  cos  a  cos  6  +  kin  a  sin  6  sin  p,  (^) 

cos  7)j  «=  sin  a  cos  p. 

Aftsr  iapact  tbs  partiels  is  Isft  with  ths  instantansous  rslocitj  oo^ponsnts  oos  \ 

along  t  and  V'^  cos  along  b  .  Ths  rssultant  vsloeitjr  Tsotor  is  of  aagnituds 

t 

=  \^icoB\  +  eos\)‘*‘<  (4B) 

It  liss  in  ths  tb.pians  and  aakss  ths  angls  Y  with  tbs  Tsetor  ^  ,  whsrs 

...  ^  ^  ^ - ^ - T  . 


cos  Y 


r, 

i_  \cos  i|,y 


Fr«»  ths  rslation  tan  Y  “  cos  Tj^/costj^  it  follows  that 


tsn  Y 


cot  <X  COB  6  see  B  sin  6  tiin  B 


(50) 


Although  a  singls  partiels  aftsr  striking  ths  bodj  would  oontinns  its  aotion  in  ths 
tangsntlal  plans  fomsd  b7  ^  and  **  ,  ths  actual  flow  of  a  continuous  Mdius  con¬ 
strains  ths  partlclss  to  follow  a  strsaotubs  on  ths  surfaos.  In  ordsr  to  sraluats 
ths  sffsotiTS  bo4ir  laysr  strsastubs  Tslocitx>  »  a  rslationship  wst  bs  found 

r 

bstwssn  and  y^  or  y^  Firs  postulations  bars  bssn  scrutinlzsd: 

Cass  1.  =  *'  0 

This  is  ths  aost  sisals  assiueption  and  would  orsrsstiaats  ths 
osntrifogAl  foros  offsets. 


Cass  2.  y,  ‘"V  , 

€  t 

This  ylslds  ths  rssult  that  sach  partiels  doss  accslsrats  along  ths 
body  laysr  but  ths  postulation  doss  not  girs  a  Tslooity  gradisnt  in  ths 
body  laysr  at  sach  point. 
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j  Cm«  3. 

!  i  i 

«  Aooordisi^  to  this  asthod  th«  Ttloelix  of  a  paLrtlola  raaalna  oonctaot 

aftar  lapact,  aad  rtatiLta  In  tba  axittanea  of  a  ralocitj  fradiaot 

i 

]  in  tha  body  lajar  (saa  Rafa.  12,  13,  1?,  18,  aiid  19)* 

Casa  4.  =  V,  /2 

*  f  *  i 

t 

This  ralatlon  is  tha  raault  of  tha  aarasptlon  that  tha  thioknass  of 
tha  bo4y  layar  is  of  tha  ordar  of  Mfnltada  of  that  of  tha  boundary 
layar.  Tha  Taloclty  distribution  noiml  to  tba  body  surfaoa  is 
emaidarad  as  a  Hnaar  function  of  tha  distant  fmi  tba  surfaoa 
throughout  tha  body  layar. 

Casa  5.  ^  *  /(e.P.a)  V',  /2 

€  t 

Upon  ataal nation  of  tba  prassura  distribution  as  obtainad  by  Ssaar  ^  ^ 

using  tha  nathod  of  eharaetazdsties  for  tha  A-4  nosa  at  Mach  mabars 
of  3.24  and  8.00  (saa  Fig.  17) >  it  appaars  that  tha  local  prassura 
ooaffleisnt  should  daoraasa  sloaar  than  any  of  tha  abora  four  easas 
and  that  tha  location  of  saro  prassura  ooaffiei«it  should  occur  at 
tha  position  vhara  tha  surfaoa  tangsot  is  parallal  to  tha  fraa  strasa 
dlraetion.  Slnea  Casa  4  ylalds  raasonabla  prassura  rarlation  at  tha 
start  of  tha  body  layar  it  ia  uaad  aa  a  starting  point  for  a  fifth 
cats.  Tha  prasant  fifth  easa  is  than  a  aodificatlon  of  Casa  4»  wbara 
f{0,p,u)  oust  ba  unity  at  tha  origin  of  tha  body  layar,  rarias  as 
a  quadratic  along  tha  body  layar,  and  approaehas  saro  at  tha  position 
whara  tha  surf ica  tangant  is  parallal  to  tha  axla  of  tha  fraa  straasi* 

As  an  additional  chack  on  tha  ralldlty  of  Cats  5»  all  firs  casas  ara 
applied  to  .flow  orar  spharas  (saa  Fig.  18).  Tha  aarodynasic  drags  an 
shown  in  Pig.  19  as  tha  Halting  ralnas  for  tha  axpariaantal  data  of 
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Chart«rt ‘  >  Since  th«  ikln  friction  and  baaa  dra^a  for  aj^araa'at 
high  Talocltiaa  ar«  nagligiblj  Mailt  Caaa  5  appears  beat. 


XZAMPLB  or  APPUCATIOH—CTLIHDER,  CASE  5 

The  treataent  of  the  hTpersonic  foreea  on  a  ejlioder  will  be  baaed  on  the 
aaenaption  that  the  cylinder  is  infinite.  In  the  case  of  an  infinite  cylinder  the 
surface  streaalines  are  all  parallel.  This  condition  ouikes  uxuMcessary  the  de- 
tendnation  of  the  individual  streasiLines  in  the  calculation  of  the  centrifugal 
pressure  effects.  The  rate  of  aass  flow  in  tM  bo^y  layer  at  any  particular  posi¬ 
tion  on  the  surface  of  the  cylinder »  %rhere  the  centrifugal  pressure  is  desired,  is 


where  is  a  specified  length  of  the  infinite  cylinder.  Proa  Eq.  (45)  the  radiaa 
of  currature  S  of  a  etxaaaXine  on  a  cylinder  is  (since  /i,  =  ®  and  6  =  0  for  a 
cylinder) 


H  -  ,•  j  r 

sin  { 


(52) 


The  expression  for  the  centrifugal  pressurr  at  a  point  on  a  cylinder  is 


^ ^  sin  Y 


(53) 


Coabining  (51),  (52),  and  (53),  the  centrifugal  pressure  relation  nay  be  written 


sin  jc  cos  P  sin*  V  .  .  n  ■ 

B  *  ^  *  -  V  =  3in  a  cos  6  sin  "r. 

-in  >  r  ‘  ® 

Eaploylng  Case  5,  the  effectlTs  burface  reloclty  for  a  cylinder  is 

cos  a 


(54) 


y 


^  sin*  ;■ 


since  V, 


QOS  a 


cos 


COS  '1 

as  given  by  Eq.  49 


(55) 
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lov  Iq*  (54)  iBj  b«  writtm 


PjF*  sin  a  cos  P  sin  Y  ~  sin*P 


®®*  ®  1  1/1 
-  “  ~  P-V:  s: 


o 


so 


For  a  ojllndor  (6  *=  0)  Bq.  (50)  Tloldt 

tso  Y  ~  ^ 


aod  (56)  boocMMS 

*  iPo^^o  cos^P  sin*P  *=  sin*a  eos’P  sia’p. 


(57) 

(5a) 


For  a  ojlindar  tha  iapaet  praatura  eoaffiaiaot  flaan  bj  Bq.  (5)  It 

C  =2  •in^(X  sin’P, 

and  tha  oat  praaaura  ooaffieiant  it 

C„  s  C,  -  e  sin’P  sin^ci  (2  “  cos*p), 

Tha  aquation  daflniof  P,  it  ==  0  ,  or  ais’P.  ■=  0  •  Thnt>  for  a  ^ 

for  all  a  . 


m 

(60) 

«  0* 


Fro«  Bq.  (6)  tha  noraal  foroa  ooaffieiant  oorraapondlnf  to  tha  aorfaea  of  tha 
exllpdar  axpoaad  to  ocaipraaalon  flow  la 

AJ  _  2  -t  r>  72  -t 


*  9.nr* 


^  ^  C  sin  p  <<P  =  —  sin*< 

^  isnd. 


(61) 


whara  r  la  tha  ojrllndor  radlua  and  la  tha  ejUndar  dianetar. 


Qjr  ooBparlnc  thla  raault  with  fonaila  (30)  for  tha  oaaa  In  which  tha  cantrlfh^al 
forces  ara  xMflaetad  It  la  found  that 


(S)  with  c'jstrifsc.l  fores 
N««tsn its 


0.900 


(62) 


In  fie*  20  the  a/f«et  of  th.  Tarioon  pontu.'Lnt#d  I',  on  Ihn  oonMl  fore,  for  &  egrliador 

» 

la  gLwm, 
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VARIATION  OF  PRESSURE  COEFFICIENT  ON  NOSE  OF  A- 
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LU 

UJ 

DC. 

O 

UJ 

a 
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VARIATION  OF  PRESSURE  COEFFICIENT  ON  A  SPHERE 


NEWTONIAN 


THE  AERODYNAMIC  DRAG  ON  SPHERES 


NORMAL  FORCE  COEFFICIENT  PER  UNIT 

cylinder  length, C./(-^c/<Jc) 
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